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SPECIFICATION AND PARTIAL HYPERBOLICITY FOR FLOWS 


NAOYA SUMI, PAULO VARANDAS, AND KENICHIRO YAMAMOTO 


Abstract. We prove that if a flow exhibits a partially hyperbolic attractor 
A with splitting T\M = 0 and two periodic saddles with different 

indices such that the stable index of one of them coincides with the dimension 
of E^ then it does not satisfy the specification property. In particular, every 
singular-hyperbolic attractor with the specification property is hyperbolic. As 
an application, we prove that no Lorenz attractor satisfies the specification 
property. 


1. Introduction 

The purpose of this paper is to give a characterization of C^-flows on compact 
Riemannian manifolds that have attractors with the specihcation property. The 
specification property for maps and flows was introduced by Bowen in m E] 
and roughly means that an arbitrary number of pieces of orbits can be “glued” 
to obtain a real orbit that shadows the previous ones. The relevance in the study 
of this property is that it plays a key role e.g. in the study of the uniqueness of 
equilibrium states ([IQ]), large deviations theory ([49]) and multifractal analysis 
([45l|46]). Those are some of the reasons for which dynamical systems satisfying 
the specification property have been intensively studied from an ergodic viewpoint 
[ini SOI Si issj and from an algebraic viewpoint [iSHI- This justifies the interest 
of many researchers to obtain weaker forms of specification (see e.g. [36l [3^ l47l l48] 
and references therein). 

Using that the specification property is well known to imply topologically mixing 
(see m), a first conceptual difference appears when considering the specification 
property in the discrete or the continuous time setting. Indeed while, up to consider 
a finite iterate, every uniformly hyperbolic diffeomorphism restricted to every basic 
piece satisfies the specihcation property (see m) there are simple constructions 
of uniformly hyperbolic flows (e.g. obtained as suspension of a transitive Anosov 
diffeomorphism by a constant roof function) that are not even topologically mixing. 

In the nineties, Palis proposed a conjecture for a global view of dynamics which 
has been a routing guide for many works in the last years, which we describe 
here in the space C^-diffeomorphisms and hows: either the dynamics is uniformly 
hyperbolic or it can be C^-approximated by one other that exhibits a homoclinic 
tangency or a heteroclinic cycle. In rough terms, in the complement of uniform 
hyperbolicity (open condition) the mechanisms that generate non-hyperbolicity in 
a dense way are tangencies and cycles. We refer the reader to the surveys 0133 
for reports on the advances towards the conjecture and the current state of the 
conjecture. 


Date: July 28, 2015. 

Key words and phrases. Partially hyperbolic flows; Geometric Lorenz attractors; Specification 
property; Periodic points. 


1 



Palis and the C^-stability conjectures (ci. m 1311 EH [IB]) inspired the works 
of many authors to approach such dichotomy in the space of C^-diffeomorphisms 
concerning other important dynamical properties that are not necessarily C^-open, 
namely, expansiveness, shadowing or specification properties. In m [351 sni SI] it 
was proved that the C^-interior of the set of all C^-diffeomorphisms satisfying any 
of these properties is contained in the set of uniformly hyperbolic diffeomorphisms. 

Let us describe more carefully some results concerning the characterization of 
diffeomorphisms with the specification property. In m, Sakai together with the 
first and third authors proved that the C^-interior of the set of all diffeomorphisms 
satisfying the specification property coincides with the set of all transitive Anosov 
diffeomorphisms. Moriyasu, Sakai and the third author extended the above results 
to regular maps, and proved that C^-generically, regular maps satisfy the specifi¬ 
cation property if and only if they are transitive Anosov ( [34 ] ). In [44] we proved 
that the presence of periodic points with different indexes is an obstruction for 
specification even for partially hyperbolic diffeomorphisms. Owing to these results, 
the relation between specification and hyperbolicity for C^-diffeomorphisms turns 
out to be clear. 

The characterization of the smooth flows with the specification property in com¬ 
parison to the discrete time setting presents both conceptual and technical diffi¬ 
culties. The fact that critical elements for flows include not only periodic orbits 
as singularities constitutes an obstacle to follow the same lines of the argument 
in m- Arbieto, Senos and Todero |S] were able to overcome these difficulties and 
proved that if a flow satisfies the weak specihcation property robustly on 

an isolated invariant set A then A is is a topologically mixing hyperbolic set. Thus, 
if X is a vector field which has the weak specification property C^-robustly then it 
generates a topologically mixing Anosov flow. The authors of [5] proved first that 
robust specification would lead to sectional-hyperbolicity and then, they used ro¬ 
bustness and perturbative techniques to rule out singularities and deduce uniform 
hyperbolicity. 

Given the current interest in a global description of dynamical systems it is nat¬ 
ural to ask whether the weak specification property can hold generically or at least 
densely in the complement of the set of uniformly hyperbolic flows. Here we are 
able to prove that robustness assumption can be dropped from the assumptions of 
[5]. We prove that every sectional-hyperbolic flow with specification is indeed uni¬ 
formly hyperbolic (see Theorem 1^. This follows from an abstract criterium which 
asserts that any partially hyperbolic attractor for a flow (Xt)tgR with specification 
cannot have critical elements with different indexes (see Theorem |B] for the precise 
statement). 

The paper is organized as follows. In Section|2]we introduce some definitions and 
state our main theorems and some corollaries. In Section|3]we prove some auxiliary 
lemmas that will play a key role in the proof of the main result. The proof of 
Theorem B is given in Section |4| Finally, in Section [5] we prove the corollaries. 


2. Preliminaries and statement of the main results 

Throughout, let M be a compact connected boundaryless Riemannian man¬ 
ifold of dimension dimM > 3 and let d be the distance on M induced from a 
Riemannian metric || • || on the tangent bundle TM. Denote by X^(M) the set of all 
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C^-vector fields on M endowed with the C^-topology. Hereafter let X G X^{M). 
Then X generates a flow (Xi)tgR on M. 

A set A C M is said to be invariant if Alt (A) = A holds for any t £ M. Let A C 
be a compact invariant set. We say that A is transitive if there exists a point x G A 
such that {Xt{x) : t £ K} is dense in A. A is said to be an attractor if it is transitive 
and there exists an open neighborhood [/ C M of A such that Xt(U) C U for t > 0 
and A = nt>o^t(C^)- 

We say that Fa = {Fx}xgA C TaM is a subbundle over A C M if each Fx is a 
linear subspace of TxAI and a map x £ A >->• is continuous. A subbundle Fa 
over an invariant set A is said to be invariant if DxXt{Fx) = Fxt(x) holds for every 
X G A and every t £ M. 

We say that a compact invariant set A C M is a hyperbolic set for (Alt)teR if 
there exists a continuous invariant splitting TaM = F® 0 F° 0 F" such that F^ is 
the subspace generated by X{x) and there are constants C > 0 and A £ (0,1) so 
that \\D^Xt I F®|| < CA* and wlOxXt \ F“)“^|| < CA* for every t > 0 and x G A. 
If A is a hyperbolic set for the flow and A = M then {Xt)t^R is called an Anosov 
flow. 

A point p G M is a singularity for X if X{p) = 0 and is called a regular point 
otherwise. We say that a singularity p is hyperbolic if the one-point invariant set 
{p} is a hyperbolic set. A point p G M is periodic if there exists a minimum period 
T > 0 so that Xt{p) = p and we say that p is a periodic hyperbolic point if the 
orbit 0{p) = Utg[o_T]Alt(p) is a hyperbolic set for X. Finally, (an orbit of) a point 
X by the flow is called a critical element if it is either periodic or x is a singularity. 

We say that a compact (W)tgR-invariant set A C M is partially hyperbolic if 
there are a continuous invariant splitting TaM = F® 0 F'^, constants C > 0 and 
A £ (0,1) so that 

\\DxXt\E^J < CA* and \\DxXt\E^J < CA‘ 

for every x £ A and t > 0. If, in addition, the following two conditions (i) and (ii) 
hold, then we say that A is sectional-hyperbolic: 

(i) every singularity p £ A is hyperbolic; 

(ii) F'^ is sectionally expanding, i.e. dimF'^ > 2 and | det{Dx:Xt |l„,)| > C“^A* 
for every x £ A, t > 0, and every two-dimensional subspace Lx C F^. 

With some abuse of notation, we say that the flow (W)tgR is partially hyperbolic 
if M is a partially hyperbolic set. 

Let us also mention that the notions of sectional hyperbolicity and singular- 
hyperbolicity coincide for three-dimensional flows, where the later arose in the 
characterization of robustly transitive attractors in dimension three. We observe 
that if a sectional hyperbolic flow does not have singularities then it is necessarily 
hyperbolic (see e.g. [32] for more details). 

We say that a compact (A't)tGR"iiivariant subset A C M has the specification 
property if for any e > 0 there exists a T = F(e) > 0 such that the following property 
holds: given any finite collection of intervals A = [a,, 6^] C K i = 1... m satisfying 
Oi+i — bi> T{e) for every i and every map P : Ui!li Ii ^ A such that Xt^ (F(ti)) = 
Xti{P{t 2 )) for any ti,t 2 G Ii there exists x £ A so that d{Xt{x), P{t)) < e for all 
t G {JiL- When the previous shadowing property is required only to specifications 
made by two pieces of orbits (m = 2 above) we shall refer to this as the weak 
specification property. A is said to be topologically mixing if for all non-empty open 
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sets U and V of A we can take > 0 such that 


Ur\Xt{V) ^%,n>N. 

Then it is known that topological mixing implies transitivity. In 0 Lemma 3.1] 
it was proved that if A has the weak specification property then A is topologically 
mixing. In particular, this property implies that a flow has neither sources nor sinks 
in A. After it is natural to ask which Lorenz attractors satisfy the specification 
property. Recall that Lorenz attractors do not satisfy the shadowing property with 
rare exceptions (c.f. [27)1. Here we answer this question. 

Theorem A. Every transitive sectional-hyperbolic attractor is either hyperbolic or 
does not satisfy the weak specification property. 

If p is a hyperbolic periodic point (i.e. admits an invariant splitting 

F'’ 0 0 F“ as above), then the strong-stable manifold 

W^^{p) = \xGM: lim d(A*(x),At(p)) = ol 

I j 

is indeed a C^-submanifold tangent to (see [24]). We define the stable manifold 
as 

W%p)=[jXt{W^^{p)), 

teR 

which is a -submanifold tangent to F® 0 F“. Let d®® be the distance in IT®®(p) 
induced by the Riemannian metric. The local stable manifold at p is defined by 
Wf{p) = [jit\<eMWf^ip)) where 

Wf%p) = {a; G IT“(p) : d^^{x,p) < e} 
for e > 0. Moreover, observe that for e > 0 there exists Eq > 0 such that 

Pi Ft(p,Eo) C Wf{p). 

T>0 

where Bt{p,So) = {x G M: d{Xt{x),Xt{p)) < EojO < t < T} and consequently, 
Wf{p) contains the intersection of dynamical balls computed only for future iter¬ 
ates (see Lemma [3^. Analogously, (local) strong-unstable and unstable manifolds 
IT““(p), IT““(p), Wf‘{p) and IT“(p) are defined with respect to X_t. 

When p is a hyperbolic singularity, we define the stable manifold by 

W®®(p) = \xGM : lim d{Xt{x),p) = 01 . 

I i—>-+C30 J 

Then by the stable manifold theorem we have that IT®®(p) is a C^-submanifold 
tangent to F®. Set 

Wf{p) = {x G M : d{Xt{x),p) < e (t > 0)} (e > 0), 
which is called the local stable manifold. Then there exists Eq > 0 such that 
w**(p) = U X_t{Wf{p)) (0 < E < Eo). 

t>0 

By the definition of the singularity we have that At(H7®®(p)) = IT®®(p) for t G K, 
and so if we put IT®(p) = UteRthen IT®®(p) = IT®(p). Analogously, 
we define (local) unstable manifolds Wf‘{p) and IT“(p) with respect to X-t. 
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Observe that, by the definition of sectional hyperbolicity, all singularities are 
hyperbolic and all periodic orbits p have stable index dimbb®®(p) equal to dim ill®. 
Recently, periodic orbits for sectional-hyperbolic attractors were constructed by 
Lopez [29], and in (4] Proposition 10] Arbieto and Morales showed that the sta¬ 
ble indices dim IP®® (g) of singularities q for every nontrivial transitive sectional- 
hyperbolic set are equal to dimi?® -|- 1. Moreover, every sectional-hyperbolic flow 
without singularities is actually hyperbolic. Hence, Theorem lAl is actually a conse¬ 
quence of the more general result: 

Theorem B. Let X € X^(M) be a vector field and let A be an attraetor so that the 
flow admits a partially hyperbolic splitting T\M = A® 0 E'^. Assume that 

there are two hyperbolic critical elements p and q sueh that dim A® = dim H/®® (p) < 
dim lP®®(g). Then X |a does not satisfy the weak specification property. 

Now we briefly describe the geometric Lorenz attractor. Let S = {{x,y,l) G 
\y\ If 1} and P = {( 0 , 2 /, 1) € : | 2 /| < 1}. A C^-vector field X on R^ is 

said to be a geometric Lorenz vector field if it satisfies the following conditions 

(1) For any point (x, //, z) in a neighborhood of the origin 0 of R^, X is given 
by (i, y, z) = (Aix, -\ 2 V, -Aaz) where 0 < A 3 < Ai < A 2 . 

(2) All forward orbits of X starting from E \ F will return to S and the first 
return map L:E\r— >Sisa piecewise diffeomorphism which has the 
form 

L{x, y, 1) = {a{x), fl{x, y), 1 ), 

where a : [— 1 , 1 ]\{ 0 } —>■ [— 1 , 1 ] is a piecewise C^-map with a{—x) = —a{x) 
and satisfying 

f limj,_>o+Q;(a;) = - 1 , a(l) < 1 , 

{ lima;_i.o-i- a'(x) = 00 , a'{x) > for any x G (0,1]. 

A C^-map At : R^ X R —>■ R^ is the geometric Lorenz flow if it is generated by 
a geometric Lorenz vector field A (see e.g. [20l|2Tl|26] for more details). Let Tx 
be the closure of the set u At(S \ F) in R3 and set A = p| XflTx). Then it is 

t>o t>o 

known that A is a partially hyperbolic attractor (see [T] for details). We call A the 
geometric Lorenz attractor. 

The stable index of the singularity q of the geometric Lorenz attractors satisfies 
dim TP®® (g) = dim A® + 1. Hence, we obtain the following immediate consequence: 

Corollary 1. Assume that (A()jgK is a flow on R^ that admits a geometric Lorenz 
attractor A. Then (A 4 )tgR does not satisfy the weak specification property on A. 

Remark 2.1. Even though TheoremiBlis proved for compact manifolds, it applies to 
geometric Lorenz attractors because they can be viewed as the restriction of flows 
on a 3-sphere. For that reason, compact Riemannian manifolds of dimension larger 
or equal to 3 admit vector fields that exhibit geometric Lorenz attractors (see e.g. 
Subsection 3.3 in my 

We notice that if dim M = 3 then every C^-robustly transitive set with singu¬ 
larities A is a singular-hyperbolic set up to flow-reversing |33| and consequently, 
the flow (At)tgR does not satisfy the specification property on A. Observe that the 
previous theorem also applies to partially hyperbolic sets A with a decomposition 
0 just by considering the vector field —A. Moreover, even in the case of 
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an Anosov flow (At)tgR the time-1 map / = Ai : M —>■ M of an Anosov flow is 
a strongly partially hyperbolic diffeomorphism that admits no hyperbolic periodic 
points. In particular an analogous theorem as the previous one for flows does not 
follow from the ones obtained for partially hyperbolic diffeomorphisms in |44j . Nev¬ 
ertheless some corollaries of the main result in |44) for strongly partially hyperbolic 
diffeomorphisms on three-manifolds can be expected to hold for strongly partially 
hyperbolic flows on four-manifolds due to the neutral direction of the vector field. 
We shall discuss now such extensions. 

We say that a flow is strongly partially hyperbolic with d-dimensional central 
direction (d > 1 ) if there are a continuous invariant splitting TM = A® 0 0 

with dimi?'^ = d, constants C > 0 and A € (0,1) so that 

WD^X^EIW < C\\ < C\\ 

\\D,Xt\E:\\ < CA* and 

\\D,Xt\El\\ 

for every x G M and t > 0. Denote by SVT-LEd{M) the set of such flows and 
note that it is an open subset of X^(M). We say a flow {Xt)t£R generated by a 
vector held X is robustly transitive if all flows generated by vector fields in a C^- 
open neighborhood of X are transitive, that is, have a dense orbit. If the vector 
held X has an attractor Ax ■= we say that A is a robustly transitive 

attractor if for any vector field K in a C^-open neighborhood of X the attractor 
Ay := nt>o^(^) transitive. Finally, we denote by TZAfTX the set of robustly 
non-hyperbolic transitive flows (that is, flows generated by vector fields X so that 
every C^-vector field in a C^-neighborhood of X generates a non-hyperbolic and 
transitive flow) endowed with the C^-topology in the space of vector fields. 

In the case that the central direction A® is two dimensional, any two hyperbolic 
periodic points with different indices verify the assumptions of Theorem |B] Thus 
we obtain the following direct consequence. 

Corollary 2. Let X G SV'HE 2 {M) and suppose that there exist two hyperbolic 
critical elements with different indices. Then X does not satisfy the weak specifica¬ 
tion property. 

Since X{x) is in the central direction A® for a nonsingular partially hyperbolic 
flow (At)tgR, we can obtain the following corollary in a similar way as above. 

Corollary 3. Let X G SETLE^^M). Lf X is nonsingular and if there exist two 
hyperbolic critical elements with different indices, then X does not satisfy the weak 
specification property. 

Using -perturbative techniques one can show that hyperbolic flows coincide 
with the class star-flows Q^{M) (i.e. flows such that all critical elements are hy¬ 
perbolic C^-robustly) (see e.g. [S] for a more precise description). We deduce that, 
from the topological viewpoint, most robustly non-hyperbolic and transitive par¬ 
tially hyperbolic flows with three dimensional central direction do not have the 
specification property. More precisely. 

Corollary 4. There is a C^-open and dense subset O in TZAfffE fl SVTLE ffM), 
such that every X G O does not satisfy the weak specification property. 

We can expect to extend the previous result by removing the partial hyperbolicity 
assumption in a lower dimensional setting. In the case that dim M = 3, Doering m 
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proved that every C^-robustly transitive flow on a three-dimensional manifolds is 
Anosov and consequently satisfies the specification property. If dim M = 4 we can 
remove the assumption of partial hyperbolicity from the previous corollary. 

Corollary 5. Suppose that dimM = 4. Then there is a C^-open and dense subset 
O in TZAfTJT so that every X G O does not satisfy the weak specification property. 

Let us remark that Koinuro [27] proved that the Lorenz attractors do not satisfy 
the shadowing property. It follows from our results that these attractors do not 
satisfy the specification property neither. Several authors considered recently either 
measure theoretical non-uniform specification properties (see e.g. [36l|48]) or almost 
specification properties (see e.g. [SailT]) to the study of the ergodic properties of 
a dynamical system. One remaining interesting question is to understand which 
partially hyperbolic flows admit weaker specification properties. A global picture 
that includes the characterization of dynamical systems satisfying these weaker 
kinds of specification is still incomplete. 

3. Auxiliary results 

In this section we provide necessary definitions and prove some auxiliary results 
used in the proofs of the main results. The first is a well known result whose proof 
we shall include for the reader’s convenience. 

Lemma 3.1. Let A he an attractor. Then, for every hyperbolic critical element 
p € A, we have 

lT““(p) C A. 

In particular, we have that Wfi{p) C A for every e > 0. 

Proof. Since A is an attractor let U C M be an open neighborhood so that XfiU) C 
U and A = nt>o ^t{U). If p € A is a hyperbolic periodic orbit for {Xt)t there are 
constants Cp > 0 and \p € (0,1) so that 

d{X_t{x),X_t{p)) < CpX\,d{x,p) 

for every x € IP““(p) and t > 0. Using this backward contraction and that U 
is an open set, there exists a small e > 0 so that X_i(IU“"(p)) C U for every 
t > 0, which proves that IU““(p) C A. The (At)t-invariance of A and the equalities 
IT““(p) = lJj^gX((IU““(A_t(p))) and IU“(p) = Ut>o guarantee that 

both IU““(p) and IU“(p) are contained in A. Since the proof in the case that p is 
a singularity is completely analogous we shall omit it. □ 

Lemma 3.2. For every hyperbolic periodic point p and e > 0, we can choose 
eo £ (0, e) such that for x £ M, if d{Xt{x), Xfip)) < cq for every t > 0 then 

X £ Wfip) = U XfiWf^ip)). 

\t\<e 

Proof. Let 7r(p) > 0 be the prime period of the periodic point p. We set P := 
UtG[o 7 r(p)] ^t{p)- Since p is hyperbolic, there exist a continuous invariant splitting 
TtM = F® © F'’ © F", constants Ai £ (0,1) and C > 0 such that F° is generated 
by X{x) and 

P.W|F,^|| < CA‘, ||(Mt|F“)-i|| < C\\ 
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(3.1) 


for any t > 0 and a; G F. It follows from [531 Lemma 4.4] that there exist a 
neighborhood U' of F and a continuous splitting Tjji M = (B (B F^ such that 
F^ = F!^ {a = s, c, u) whenever a:: G F. 

For X G U', At > 0, we define the unstable cone field 

c:ix) = {v = v^+V2G (F'J © F^) © F“ : ||z;i|| < At||z;2||}. 

By the equation m, there are k > 0, 0 < A 2 < 1 and T > 0 with Xt{p) = p such 
that if a: G F, then 

DMClix)) C C|(Xt(x)), \\D,Xt{,v)\\ > A2-i||t;|| {v G Cl{x)). 

Since the splitting Tjj'M = F"® ©F"®©!^" is continuous, we can find a neighborhood 
[/ C [/' of F and 0 < A < 1 such that if Xs{x) G 17 for 0 < s < T, then 

D^XriC^ix)) C C:(Xt(x)), 

IIMtWII > A-i||H| {^;GC,“(a:)). (3.2) 

Increasing T if necessary we may assume that Xt{W^{p)) C IF® (p). Choose i5o > 0 
(depending on T) such that if d{x,p) < So, then Xt{x) G 1/ for 0 < f < T. Since 
TpW%p) = Fp® © F^, we have that IF®(p) is a disk with TpII(f (p) = F^ © F^. 
So we can take 0 < eo < 0 < Sol2K (where we set K := {||iAa;7fT|| : x G M} < 00 ) 
such that if d{x,p) < £ 0 , then the following hold: 

(1) There is a disk D CU centered at x of radius 6 such that 

dimF = dimFp and TyD C C]^{y) (for all y G D). (3.3) 

(2) Any disk centered at x of radius r with 9 < r < K9 satisfying p.3p inter¬ 
sects W^{p) at a unique point transversely. Such an intersection point y 
satisfies 

d[y,p) < d{y,x) + d{x,p) < K9 F eo < ^o- (3.4) 

Assume that x G M satisfies d{Xt{x), Xt{p)) < eo for t > 0. Let Do be a 
disk centered at x of radius 9 satisfying (1331) and y be the intersection of Do and 
W^{p) (see (13.41) 1. Since Do is contained in a ball centered at p with radius Jq, we 
have Xt{Do) C 17 for 0 < t < T. By (13.211 and (13.311 . Xt{Do) contains a disk 
centered at Xt{x) of radius \~^9 satisfying (13.311 . Denote by Di a disk centered 
at Xt{x) of radius 9 contained in Xt{Do). Since Xriy) G XTiW^{p)) C W^{p) 
and since both Di and XxiDo) intersect IF®(p) at a unique point respectively, we 
have 

{At(p)} = Xt{Do) n iF,®(p) = Di n ii4®(p). 

Moreover, since XT{x),XT{y) G Di, we have 

d{x,y) = (i(X_r(XT(a;)), A_t(At(p))) 

< \d{XT{x),XT{y)) < AF. 

Repeating this procedure, we find disks (n > 0) centered at X^t^x) of 
radius 9 satisfying p.3p such that 

Dn+i C XxiDn) and Xnxix), Xnxiy) G Dn 
for n > 0. So, for every n > 0 

d{x,y) = d{X-nT{XnT{x)),X-nT{XnT{y))) 

< A”6», 
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which means d{x,y) = 0. So a; G W^{p), which finishes the proof. 


□ 


Remark 3.1. An analogous result holds for the local unstable manifold as follows: 
for every hyperbolic periodic point p and e > 0 , we can choose cq G ( 0 , e) such that 
for X G M, if d{Xt{x),Xt{p)) < cq for t < 0, then x G W^{p). 

Lemma 3.3. Let A be an attractor and suppose that A has the weak specifica¬ 
tion property. Then for every hyperbolic critical element p G A, the strong stable 
manifold VL®®(p) is dense in A. 

Proof. We consider only the case when p is periodic since the singularity case can 
be shown similarly. Let e > 0 and 0 G A be fixed arbitrarily. Since (At)tgK is the 
flow generated by the vector field X we can take 0 < to < e so that d{x, Xt{x)) < e 
for any x G A and |t| < to- By Lemma [3. 2 1 we can choose eo G (0,to) such that if 
d{Xt{x),Xt{p)) < eo for every t > 0 then 

xGWf^{p)= \J XfiWffip)). (3.5) 

|t|<to 

Let T(eo) > 0 be as in the definition of the specification property and choose 
T > T{eo) so that Xt{p) = P- By the weak specification property, there are G A 
so that d{xn,z) < co and d{Xt{XT{xn)), Xt{p)) < cq for every t G [0,n]. By 
compactness of A, we may assume that (x„)„gN is convergent to some point x G A 
satisfying d{x,z) < cq and d{Xt{XT{x)), Xt{p)) < eo for every t > 0. Using (|3.5I) . 
we have 

Xt{x) G U XtiWffip)) 

\t\<to 

and we can find ti G [—to, to] such that Xt(x) G (p)). Since T is the 

period of p, we have x G (kU®®(p)). Thus, there exists a point y G TU®®(p) such 
that X = Ajj (y) and consequently 

d{y, z) < d{y, x) + d{x, z) < e + eo < 2e, 

which implies that VU®®(p) is dense in A. □ 

Lemma 3.4. Let A be a partially hyperbolic attractor with splitting T/^M = 

and let q G A be a hyperbolic critical element. Then we have T^W'^{q) C E^ for 

every x G W‘^{q). 

Proof. We deal with the case when q is a hyperbolic periodic point. Let 7 r(g) > 0 
be the prime period of q. To reach a contradiction we assume that there exist 
X G W^{q) and v G TxW'^{q) \ Ef. Since x G W'^{q) = UteR 
choose y G 0(q) such that x G kU“"(y). If we put t„ = mr{q) for n G N, then 
d{X-t„{x),y) —>■ 0 as n —>■ oo. By the (At)t-invariance of IU“(q), we have 

D,X_t^inW^iq)) -G TyW^iq) (n -G oo). (3.6) 

Since v G T^W^^q) \E^, we can take Vg G E^\ {0} and Vc G Ef. such that v = 
Vg -\-Vc- By the definition of partial hyperbolicity, we have DxX-tr,{vs) G E^ ^ 
D^X_t„ (vc) G (x) 

\\Dg,X_tM\\/\\DxX.tAvg)\\ < p,A_*jA=||||u,||/px_.„(.)AtjU«||-iz;,|| 

< p^_,„(,)AtjA^||p,A_,Ji:;^||(||u,||/||z;.||) 

< CiA‘"(||x,||/||u ,||)^0 (n^oo). 
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Without loss of generality we may assume that Dj;X-t„{v)/\\Dj;X-tnii’)\\ converges 
to some unit vector v' G Ey. By (13.61) we have v' G TyW'^{q) D Ey. 

By the hyperbolicity of q and y G 0{q), there exists 0 < Aq < 1 such that 
\\DyX_t\TyW^^{y)\\ < CXI for t > 0. Since W“(q) = UteR we have 
TyW'^{q) = (X(j/))©TyW““( 2 /). Here {X{y)) denotes the one dimensional subspace 
generated by X{y). So we can find vi G {X{y)) and V 2 G TyW'^^{y) such that 
v' = vi + V 2 - Then 

\\DyX.tAv)\\ < \\DyX.tM\\+\\DyX.tM\\ 

< \\v,\\ + \\DyX_tjTyW--{y)\\\\v2\\ 

< IKII+CA^II^^II 

^ lluill (n oo). 

However, since v' G Ey, we have 

\\DyX_tAv')\\ > >C-iA-‘"||u'||^oo (n^oo), 

which is a contradiction. □ 


Lemma 3.5. Let A be as above and let q G A be a hyperbolic eritical element. Then 
for every x G W'^(q) there exist a neighborhood U{x) of x and a C^-disk D{x) C M 
such that 


X G W^{q) C D{x) and TxD{x) = E^. 


where lT“(g) denotes the connected component ofW^ly) H U{x) containing x. 


Proof. Let x G W'^(q) and put E^ = TxW^(q). Then by Lemma 13.41 we have 
Ex C Ef. So we can take a subspace Gx G1 Ef such that Ex® Gx = Ef.. By the 
definition of Ex there exist e > 0 and a C^-map if : Ex {||u|| < e} ^ Gx ® E^ 
with Dxif = 0 such that 

V{x) = + il}{v) ■. V G Ex, \\v\\ < e} C {p). (3.7) 

If we put 

D{x) = exp,^{?; + ?;' + ifj{v) :v GFx, ||u|| < e, v' G Gx, ||u'|| < e}, 

then D{x) is a C^-disk with TxD{x) = Ex ® Gx{= Ef.) for sufficiently small e > 0. 
Let U{x) = exp,j,{u : ||u|| < e/2}. Then, by (13.7L we have 

X G W//{q) = H(a;) n U{x) c D{x). 


□ 


We finish this section with some considerations on the existence of (local) stable 
foliations and holonomies. In the rest of this section, let A be a (transitive) partially 
hyperbolic attractor with splitting TaM = E^ ® E‘^. Without loss of generality, we 
may assume that the metric |1 • || is adapted, i.e. for all x G A 

\\DxXt\E^J < 1 and \\DxXt\E^J \\Dx,ix)X-t\E/,^^x)\\ < 1 (i > 0 ) 

(see [B Theorem 4] for the existence of adapted metrics). Since A is compact, we 
can take 0 < A' < I such that, for every x G A, 

\\DxX,\El\\ < A' and \\DxX,\El\\ \\Dx,(x)X-i\E'x^^^^\\ < A'. (3.8) 

Lemma 3.6. [301 Proposition 2.3] There exists a eontinuous family of C^-disks 
{■^ioc(^)}a: 6 A such that 
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(1) for every x € A. 

(2) Xi(Eil^(x)) C .Ei^jXiix)) for every x € A. 

(3) \\DyXi\TyEfgJ^x)\\ < A' for every y G ^loci^) x € A. In particular, for 
y G Ef^^(x), we have d{Xn{x), Xn{y)) —0 as n ^ oo. 

We set 

OO 

= y {x G A). 

n—1 

Then, by Lemma 13.61 we can check that for x G A 

• Xi(J-^(x)) = J^^(Xi(x)), 

• TxT'^ix) = and 

• if 2 / G E^{x), then d{Xt{x), Xt{y)) —>• 0 as t —)> oo. 

Moreover, the following holds. 

Lemma 3.7. Let {J^'*(x)}a;gA be as above. Then the following hold: 

(1) For X G A, t G K, we have 

Xt{E^{x)) = E^{Xt{x)). 

(2) If E‘^(x) n E^{y) 0 for x, y G A, then we have E^{x) = E^{y). 

Proof. It follows from [531 Lemma 4.4] that there exist a neighborhood U' of A and 
a continuous splitting Ty^AI = E‘^ ® E‘^ such that Ef = Ef (a = s,c) whenever 
X G A. For X G [/', K > 0, we define 

= {n = xi + X 2 G i?® © : ||x 2 || < K||ni||} and 

C^ix) = {v = vi+V2eKiSE^-.\\vi\\<K\\v2\\}. 

Let £ > 0 be such that > A' and assume that k > 0 is small so that the 
inequalities hold: 

\\DMv)\\ < ||x||(xGC:(x),xGC/')and (3.9) 

\\D.X,iv)\\ > e-^||7Ax,(.)X_i|.B^|ri ||n|| (v G C^(x),x G U'). (3.10) 

Since E^ and E^ are iAXi-invariant and satisfy (13.81) for points x G A, we can 
choose a small neighborhood {7 C C/' of A satisfying that for x G t/ 

Mi(C“(x))cC^,JXi(x)). (3.11) 

It follows from (13.91) and (13.101) that there is d' > 0 such that if x G A, y G M and 
d{x, y) < S', then y G U and 

\\DyX,{v)\\ < |H|(xGC:(y)), (3.12) 

\\DyX,{v)\\ > \\v\\ {v G C:{y)). (3.13) 

To prove (1), we put Tt{x) = X-r{Tig^{Xr{x))) for x G A and r G K. By the 
DXr-'mvaiiaiice of E^, we have that 

TrcEr{x) = E^ (r G R, X G A). 

Thus there exists 0 < d < d' such that if0<r< 1 ,xGA and y G Er{x) with 
d{x, y) < S, then 

TyTrix) G Q(y). (3.14) 

By Lemma 13.61 we remark that 

a:„(j-,(x)) C Er(X„(x)) 
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(3.15) 




for a: G A and n G N. We can show that for r, p G [0,1] and x £ A 

Fr{x) n Bs/a{x) = Fp{x) n Bs/a{x). (3.16) 

Indeed, to reach a contradiction we assume that the equality (13.161) does not hold. 
By 1)3.14p there exist y G Fr{x) fl Bs/a{x), z G Bp{x) fl Bs/a{x) {y ^ z) and a 
C^-disk D C Bs/ 2 {x) containing y and z such that 

Ty,D G C“(w) [w G D). 

Then by (13.81) . (13.121) and (13.141) 

max{d{X„{y),Xnix)),d{X„{z),Xn{x))} < (e^®A')”^/4 (3.17) 

for n = 1,2,---. Let Il„ be the connected component of Xn{D) D Bs/ 2 {Xn{x)) 
containing Xn{y) (n = 1,2,---). Then by (13.171) and (13.111) we have that Dn 
contains Xn{z) and T^Dn G C^{w) for w G £>„. Thus by (|3.13l) 

d{X„{y),X^{z)) > d{y,z). 

On the other hand, by (I3.12|) . (13.141) and p.l5|) . we have 

d{Xn{y),X„{z)) < d{Xniy),Xn{x)) + d{X„{x),Xn{z)) 

/n-l \ 


^"^11 <5. 




Therefore 


0 <%,z) < 5 


< (e4^A')"-5 ^ 0 (n ^ oo), 

which is a contradiction. Thus ()3.16p holds. 

By Lemma [3T6l there exists to G N such that 

XmiXriy)) C Xr(Xmiy)) O Bs/4{Xm{y)) 
for y G A and t G [0,1]. By (13.161) we can check that for any x £ A and t G [0,1] 

OO 

X_r{J^%Xr{x))) = U X_n{Xr{X^{x))) 

n—1 

oo 

= IJ X_n(Xr{X^{x)) n B5/4 (X„(x))) 

n—1 

oo 

= U X_r.{MXn{x)) n Bs/iiXnix))) 

n—1 

oo 

= U X_„(J-o(X„(a;))) = J-^(x), 


n=l 


and so T‘’{Xr{x)) = Xr{X‘^{x)), which implies (1). 

Now we prove (2). Let x,y £ A satisfy that z G X^{x) D X^{y) for some z G M. 
By the same argument as for (I3.16L we can prove that if 

ma.x{d{Xt{x),Xt{z)),d{Xtiy),Xt{z))} < 5/16 
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(3.18) 




























for t > 0, then 


^locix) n 5^/4(x) = n Bs/ 4 {x), 

were <5 is as above. This means that -F^ix) = In general, the condition 

(13.181) holds for sufficiently large T, because 

meLl^{d{Xt{x),Xtiz)),d{Xtiy),Xt{z))} -)> 0 

as n —>■ oo. By using (1) we have Xt{X^{x)) = X^{Xt{x)) = X’^{XT{y)) = 
XxiX^iy)), which gives the desired equality. □ 

Lemma 3.8. Let A be a partially hyperbolic attractor with splitting T\M = 

For a hyperbolic critical element p € A with dim IT®® (p) = dim if®, we have J^®(p) = 
IT®®(p). Moreover, for x G IT®®(p) D A, we have .F®(x) = lT®®(p). 

The proof of this lemma is similar to that of Lemma 13.71 and for that reason we 
shall omit it. For z G A and p > 0 we set 

J-®(z) ■.= {wGT^z):p^z,w)<p}, 

where p® is the distance in F’^{z) induced by the Riemannian metric. By Lemma 
13.81 we have 

n(p) = K'ip) (3-19) 

for a hyperbolic critical element p G A with dim IF®® (p) = dim if®. 

In the next proposition, the time-continuous version of [SI Proposition 3], we 
recall some results relating some shadowing properties with the location of the 
shadowing point in stable disks. First we introduce a notation. Recall that IF®(p) = 
UtgR-At(IF®®(p)). For X G IT®(p) and p > 0 we will consider the local stable disk 
around x in IF® (p) given by 

7 ®(x) := {z G IF®(p) : d%x, z) < p} 
where d® is the distance in IF®(p) induced by the Riemannian metric. 

Proposition 3.9. Let A be a partially hyperbolic attractor with splitting T\M = 
if® © E‘^. For a hyperbolic critical element p G A with dim IF®® (p) = dim if®, 
there are > 0 and L > 0 such that for any e G (0,£i) the following holds: if 
X G IF®®(p) n A, z G M and d{Xt(z), Xt{x)) < e for any t > 0 then z G 'yl^(x). 

Proof. We consider only the case when p is periodic since the singularity case can 
be shown similarly. Put k = min{|| Ar(Art(p))|| : t £ M} and note that k > 0. Then 
we can take to > 0 such that 

d(Xt(p),X4p))>Klt-sl/2 (3.20) 

for |t — s| < to- 

We claim that there exists 0 < p < to such that if x G A and y G J^®(x), then 

p''{x,y) <2d{x,y). (3.21) 

Indeed, by the fact that UDoexp,,, || = 1 and by Lemma [3^ ('ll, for 0 < < \/2 — 1, 

there exists p > 0 such that if x G A, then 

(1) ||ii„exp„, II < 1 + 1 / for X G D {||n|| < p}; 

(2) there exists a map : if® D {||r!|| < p} —>■ such that 

exp):H-^^(a^)} C{v + :vGEI, ||x|| < p} and 

WDyipj^W <vioYvGElr[ {ll'ull < p}. 

Here is the orthogonal complement of E^. 
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Since, for y G we can take v G iii® n{||n|| < y} such that y = exp^{v+iljx{v)), 

we have 

P%x,y) < (1 + i^)^||n|| < {1 + vfWv + ^px{v)\\ < 2d{x,y), 
which proves the claim. 

By Lemma[3^we can choose 0 < 2eo < /r/4 such that for x G M, if d{Xt{x), Xt{p)) < 
2eo for every t > 0, then 

xGW^/^{p)= U (3.22) 

\t\<fj./4 

Put K = max{||X(a;)|| : x G M} and Lq = 1 + 2iG/K. Let 0 < e < ei = 
min{eo, A^/4 Lo}- Since x G there is a sufficiently large T > 0 such that 

Xt{p) =P, d{Xt+T{x), Xt{p)) < £o 

for all t > 0. By the definition of (13.191) and (13.2211 we have 

XT(a:)GlP;;4(p)= (3.23) 

By the assumption of z, we have 

d{Xt+T{z),Xtip)) < diXt+T{z),Xt+Tix)) + diXt+T{x),Xtip)) < 2eo 

for t > 0. By (13.191) and p.22l) we can find ti with |ti| < /i/4 such that 

Xt(z) G XtAW^J.ip)) = Xt,(J-//4(p)). (3.24) 

Combining (13.231) and (13.241) we have 

XT-i,(z)G J-//2 (Xt(x)). (3.25) 

Since x G lP®'’(p), we have d{Xt{x), Xt{p)) —0 (t —)> oo). Put Kq = max{||Z?2:^ii || : 
X G M}. By (13.241) we have 

d{Xt{z), Xt+ti {p)) < Kod{Xt-ti {z),Xt{p)) -)> 0 (< -)> oo). 

Thus it follows from (13.201) that 
e > d{Xtix),Xt{z)) 

> d{Xt{p),Xt+tAp)) - d{Xt{p),Xt{x)) - d{Xt+tAp),Xt{z)) 

> K\ti\/2 - d{Xt{p),Xt{x)) - d{Xt+tdp),Xt{z)) 

—^ Ac|ti|/2 {t —^ oo), 

which means that |ti| < 2 £/k. Recall Lq = 1 + SRT/k. We have 

d{Xt{x),Xt-t^{z)) < d{Xt{x),Xt{z)) + d{Xt{z),Xt-t^{z)) 

< £ + Rr|tiI 

< (1+2R:/k)£ = Loe (3.26) 

for t > 0. Now, take a small t 2 > 0 such that 

Ki = uia.x{\\DxX-t\\ '■ X € M, 0 < t < t2} < 2. 

Put I = {t € [0,oo) : p‘^{Xt{x),Xt-ti{z)) < 2Lo£} and = inf/. By (13.211) . p.25l) 
and (13.261) we have T £ I. Assume that to > 0. Since 

p"{Xt„-t^{x),Xt„-t,-t2{z)) < Kip''{Xt„{x),Xt„-t,{z)) < ALoe < p, 
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by p.21l) and (13.261) we have to “ ^2 G I, which is a contradiction. Thus 0 = inf I. 
Therefore 


d%x,z) < + d®(X_t,(z), 0 ) 

^ ‘2LqS T ./^|ti| ^ (^Lq T QiKjhdjs ^ SLqS. 

The proposition follows taking L = 3Lq. □ 


Lemma 3.10. Letp G A he a hyperbolic critical element with dim IT'*® (p) = dim£l® 
and U be a subdisk ofW^ip) with U C W'^{p). Then there exists p> 0 such that 
-^(^) ■= Uzec/*'5 homeomorphic to U x [—p, 

Proof. Let 17 be a subdisk of W“(p) with U C yV“(p). It follows from Lemma [XT] 
that U C A. For z G U and p > 0, we set E^{p) = (1 {||z)|| < p}. Since 

TzF^[z) = El, El(z) is the image of El{p) under the exponential map of 
For every z G U, El{p) can be identified with El{p) by parallel transport. 
So we can obtain a surjective continuous map 

U X Ep{p) 9 {z,v) H> h{z,v) := Pz{v) S A{U). 

Since TzE'^{z) = El and TzW^{p) C El for z G U (Lemma 13.41) and since 
U C >V“(p), we can take p > 0 small enough such that ^^{z) (111 = {z} for z G U. 
Then, by Lemma l3.7l (2'). we have that the above map h is injective. Since h can be 
defined on some domain slightly larger than U x E^^p), by the Brouwer’s invariance 
of domain theorem we can show that h is a homeomorphism. Since E^^r) is a disk 
of radius r of dimension dimi7®, El{r) is homeomorphic to the set [— 1 , 1 ]*^™^ . 
This proves the lemma. □ 

Let A{U) be as in Lemma [3.101 and define tt® : A{U) —>■ (7 by 7 r®(x) = z \i 
X G El{z). By Lemma 13. 101 tt® is well-defined. Since {El{z)}z:^u is continuous, so 
is TT®. 

Lemma 3.11. Let p,q G A he hyperbolic critical elements with dim IT®® (p) = 
dimFf® < dimlT®®(g) and let tt® : A{U) U be as above. Then 7 r®(X'r(tT“(( 7 ))) is 
contained in a finite union of (topological) disks o/dim tT“ (g). 

Proof. Without loss of generality we may assume that A{U') can be defined for 
some open disk U' in lT“(p) satisfying U C U'. It follows from Lemma [T5] that for 
X G A{U) n Xt(IT“((;))(c A{U) D lT“(g)), there exist a neighborhood U(x) of x 
and a (7^-disk D{x) such that 

X G W^{q) C D{x) C AiU') and T,,D{x) = Ef), 

where lT“(g) denotes the connected component of W'^{q) D U{x) containing x. 
Since tt® : D{x) -G 7 r®(i 7 (x)) is a homeomorphism, 7 r®(lT“(g)) is a topological disk 
of dim W^{q). 

Consider an open cover V = {D{x)} of A{U) D XT{W)f{q)). By the compact¬ 
ness we can take a finite subcover B = {D{xi)} of V. Then Tr^{XTiW)f{q)) C 
Ui 7 r®(IT“. (g)), which proves the Lemma. □ 
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4. Proof of Theorem m 

The aim of this section is to prove our main result. Let X G X^{M) be a 
vector field so that the flow {Xt)t£R admits a partially hyperbolic attractor A 
with splitting T\M = G) E‘^ and assume that there are two hyperbolic critical 
elements p and q such that dim E^ — dim W^^{p) < dim The key idea 

involved in the proof of Theorem[B]is to notice that the weak specification property 
implies that strong stable and unstable manifolds intersect in a strong way. It is 
well known that the weak specification property implies that there exists a time 
T > 0 depending only on the size of the local stable/unstable manifolds so that 
the union of the image of the local strong unstable manifold of a hyperbolic critical 
element by the maps iXt)t£[Q^T] must intersect the local strong stable manifolds 
of any other hyperbolic critical element (see e.g. [H] and [5] for statements in the 
discrete-time and continuous-time settings, respectively). By weak specihcation 
property this non-empty intersection property condition should hold not only at 
hyperbolic critical elements but whenever two points admit stable and unstable 
manifolds. Due to the assumption of partial hyperbolicity and different indexes, 
here we can choose the hyperbolic critical elements properly to prove that there 
exists a uniform size and a point on the strong unstable manifold of a critical element 
whose image of its local unstable disk does not intersect the local stable disk of the 
other hyperbolic critical element (c.f. statement of the Sublemma below). 

Since singularities and periodic orbits have different structure at local coordi¬ 
nates, which is reflected by the fact that stable/unstable and strong stable/unstable 
manifolds coincide at singularities while this does not happen at periodic points, 
it is natural to subdivide the proof in four cases, corresponding to the ones where 
the two hyperbolic critical elements p, q are either singularities/periodic orbits and 
also on the dimension of their strong stable manifold. 

To reach a contradiction we assume that A has the weak specihcation property. 
Then (Ait)tgR is topologically mixing (c.f. [SI Lemma 3.1]) and it admits neither 
attracting nor repelling critical elements. There are four cases to consider depending 
on whether p and q are singularities or periodic orbits. 

First case: p and q are singularities 

In this case we remark IT“(p) = IT““(p) and IT“((?) = IT““(g). Take an open 
disk Dq = WJ^{p) C A with respect to the induced topology on IT“”(p), which is 
transverse to the local stable foliation through points of Dq (see Lemma [3.41) . It 
follows from Lemma 13.101 that if « > 0 is small then A(Dn) := 1 is 

homeomorphic to Dq x [—where we set 

J-;(z) := {w G : p^z,w) < p} 

and p® is the distance in E''^{z) induced by the Riemannian metric. By the choice 
of Dq we have dirnDg = dimIT““(p) = dimi?);. Let ei > 0 and L > 0 (depending 
on p) be given by Proposition [2111 We claim the following: 

Sublemma: There are p > 0, e G (0,ei) with e < pjL and x G lT®®(p) so that if 
T = T(e) is given by the weak specification property then X-T{lli,{x))r\W^{q) = 0. 

Proof of the Sublemma. Take p > 0 so that A{Dq) := lJze£>o homeomor¬ 
phic to Dq X [—p, Set e := min{/r/5, ei/2} and let T{e) be as above. By 

Lemma lB.lll the projection Tr^{XT{W^{q))) along the stable holonomy is contained 

16 






in a finite union of disks of dim VF“(g) = dim < dim Dq (see Figure[l]be- 

low). Here the map tt® : A[Dq) —>• Dq is defined by 7 r®(a;) = z if a; G Since the 



Figure 1. 

complement of 7 r®(XT(VF^(g))) is open in Dq, there exists an open disk U C Dq so 
that A{U) r\XT{W^{q)) = 0. Since U C A and the stable manifold kF®(p) is dense 
in A (Lemma 1331)) then there exists x € DoD A{U) fl W^{p) with T^{x) C A{U) 
disjoint from XT{WJ^{q)). Hence X-xilfiix)) fl HAJ'(9) = 0 □ 

We proceed with the proof of Theorem m in the first case. On the one hand, 
by the sublemma there exist /r > 0, 0 < e < min{^/L,ei} and x G W^{p) so 
that X_'r( 7 ^(a;)) does not intersect W^{q), where T = T(e) > 0 is given by the 
specification property. 

On the other hand, for the singularity q and x G bF®®(p) given by the previous 
sublemma, by compactness of A and the specification property there exists z G A 
such that d{Xt{z),Xt{x)) < e and d{X-t{X-T{z)), X-t{q)) < e for all t > 0. Since 
e G (0, ei). Proposition 13.91 guarantees that z G X-t{1lA^)) ^ W^Le('Z)i which is a 
contradiction since Le < p. This finishes the proof of Theorem IbI in this first case. 

Second case: p and q are periodic orbits 

The strategy is again to deduce a contradiction by assuming the specification 
property. Given p > 0 consider the disk Dq = W^(p) := U|t l<^W(W;“(p)) con¬ 
taining p and the strong stable holonomy tt® defined in A{Dq) := Uzeno 
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Take ^ > 0 so that 4/z is smaller than the prime periods of p and q, and A{Do) is 
homeomorphic to Dq x ILemma 13.101) . 

Let TT : Dq —t be the projection along the orbit, i.e. if a; = Xt{z) € 

Do for some |t| < p and z € W^'^{p), then •k{x) = z. By definition we have 
7r(7r"(^(Ho))) = which means that A{Do) = 

By Lemma 15771 if Xt{x) G A{Do) for t G [0,to], then 

Xt o tt’^{x) = tt® o Xt{x) {t G [0,to])- 
This implies that for z G bL““(p), we have 

(^^)-i(^-i({z}))= U X,(J-^(z)). 

is a C^-continuous family of (l+dimiii®)-dimensional 
disks in A{Do). By Lemma 15^ if (7r'*)“^(7r“^({z})) D ^ 0, then 

(7r^)-i(^-i({z}))clT^(p). 

We can take r > 0 such that (7r'*)“^(7r“^({z})) contains a (1+ dimiil'*)-dimensional 
ball centered at z with radius r for z G lT““(p). 

Let ei > 0 and L > 0 (depending on p) be as in Proposition 13.91 Then (up to 
time reversal in Proposition 13.91) we can choose 0 < e < min{ei,r/2L} such that 
for a: G A, if d{X-tix), X-tiq)) < e for t > 0, then 

^ e Wjiiq) = U XtiWU^iq)). (4.1) 

|t|<M 

By definition, WJi{q) is foliated by pieces of orbits of points in WJi^{q) and so 
dimW'“(g) = 1 + dimlT““(q) = 1 + dimF“. Let T = T{e) > 0 be as in the 
definition of the specification property. Then Xt(1 T“((7)) is also foliated by pieces 
of orbits. 

On the one hand, since XT(W^{q)) is a (1 + dimT'“)-dimensional submanifold, 
by Lemma r3.11l we have that {Xt{WJ^( q)) D A{Do)) is contained in a finite union 
of compact disks of dimension 1 + dimT'“. Since X* o tt® = tt'* o Xt in A{Do) (see 
Lemma 1X71) . such compact disks are also foliated by pieces of orbits. 

Let TT : £>0 —t bP““(p) be as above. Since tt reduces each piece of orbit to one 
point, (7ro7r®)(X7’(lP“((7)) n^(£>o)) is contained in a finite union of compact disks 
of dimF" < dimF“ = dimlP““(p). Since the complement of (7ro7r®)(XT(lT“(g))n 
A{Do)) is open and dense in lP““(p), there exists an open disk U C lT^“(p) so 
that 

un{no ^®)(XT(w;(g)) n A{Do)) = 0, 

which means that 

A{7r-^{U))nXT{W;i{q)) = (7r®)-i(7r-i(t7)) nXr(W;(<z)) = 0, 
as illustrated by Figure [5] below. 

On the other hand, since W®® (p) is dense in A (Lemma[T3]), we have A{Tr~^ {U))r\ 
VF®®(p) 7 ^ 0. Furthermore, we can choose a point w G 7r“^(17)nlF®®(p)(c Dq) which 
is so close to C/(c fF^“(p)) that 

7 £j(w) := {z G W'^{p) : d‘^{w,z) < Le} C ^(7r“^(17)) 
since e < r/2£. 
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Figure 2. 

By the specification property, there exists y G A so that d{X-t{y), X-t{q)) < e 
and d{Xt{XT{y)),Xt(w)) < e for all t > 0. By (14.11) and Proposition 13.91 we have 
y G lF“(q) and Xr(y) G Since "(l^iw) C ^(7r“^(17)), we have ^(7r“^(17))n 

^T{WJ^{q)) 7 ^ 0, which is a contradiction. 

Third case: p is a singularity and q is a periodic orbit 

The strategy is again to deduce a contradiction by assuming the specification 
property. Let us observe that in this setting 

dimtF“(q) = 1 + dimF“ = u - dimF| <n- dimF^^ = dimtF“(p). 

Thus, we can apply the argument proving that the complement of the set {XT{WJ^{q))) 
(here tt® denotes again the strong strong stable holonomy map in a neighborhood 
of p on a disk Dq C contains open sets U C Dq, as well as the proof that 

this property prevents specification. 

Remark 4.1. Let us mention that simpler third case is only relevant in the dimension 
larger than or equal to 4. In fact, if dim M = 3 then necessarily dim F" = dim F® = 

1 and dimF® < dimF® leads to a contradiction to the fact that F® is non-trivial. 

Fourth case: q is a singularity and p is a periodic orbit 
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To finish the proof of Theorem m it remains to deal with the case that g is a 
singularity and p is a periodic orbit. Now the relations dimM = dimf^ + dirnTj^ 
and also dim M = dim + dim F“ + 1 together with dim Fp < dim F^ — 1 yield 
that dimF“ < dimF“. If the strict inequality holds we can proceed as in the third 
case. Otherwise, the difficulty occurs if dimF“ = dimF“. Nevertheless, tt® is a 
projection defined in a neighborhood of p onto the local weak unstable manifold 
lT“(p), and dimlT“(p) = 1 + dimi^“ > dimF“. The argument works as before: 
taking Dq = kb“(p) it follows that TT^{XT(Wp^{q))r\A{Do)) is contained in a finite 
union of disks of dimension dim < 1 + dim F“ = dim 1 T“ (p). 

Since Xt{x) G W^^{q) = W^{q) for x G and t G K, W^^^iq) \ {<?} is 

foliated by pieces of orbits. Thus 7r®(X7’(lT““((j')) n^(T)o)) is contained in a finite 
union of disks which are foliated by pieces of orbits. Let tt : Dq ^ W^^“(p) be the 
projection along the orbit. Then the dimension of (tt o 7r®)(X7’(IT““(g)) fl A{Dq)) 
is less than dimF“ — 1 < dimF" = dimtT““(p). Since the complement of (tt o 
7r®)(X'r(lT““((;)) (IA^Dq)) is dense and open in Wp^{p), there exists an open disk 
U C kL““(p) so that 

c/n (tt o ^®)(XT(W';(g)) n ^(T^o)) = 0 , 

which means that ^(7r“^(17)) fl XT{WJ^{q)) = 0. The proof follows the same lines 
as above. 

Remark 4.2. In fact, in the case of the geometric Lorenz attractor in dimension 3 
necessarily dimF^ = dimF® = 1 and for the singularity dimF" = 1 and conse¬ 
quently dim Fp = dim F" leading to the fourth situation. 

5. Proof of the Corollaries 

5.1. Proof of Corollary!^ Let p, q be hyperbolic critical elements so that ind® (p) ^ 
ind'*(q). Here we set ind'*(p) = dim IT®® (p). Observe that due to strong hyperbolicy 
p and q are neither attractors nor repellers. We shall prove that X or —X satis¬ 
fies the conditions of Theorem [B] and, consequently, X does not satisfy the weak 
specification property. For simplicity, we assume that dimM = 4. 

(i) If p, q are both periodic points then necessarily ind'*(p) G {1,2} or ind®(q) G 
{1,2}. Without loss of generality assume that ind'*(p) G {1,2}. If ind'*(p) = 1 
then X satisfies the conditions of Theorem IbI If ind'*(p) = 2 then —X satisfies the 
conditions of Theorem |B] 

(ii) If p, q are both singularities then ind'* (p) and ind® (q) cannot be simultane¬ 
ously 2. The argument is completely analogous to the previous case. 

(iii) Assume that p is a periodic point and q is a singularity. If ind^(p) = 1 = 
dimF®, then X satisfies the assumptions of Theorem m since ind®(q) 7 ^ 1 . If 
ind'*(p) = 2 then ind“(p) = 1 and consider —X. This completes the proof of the 
corollary. 

5.2. Proof of Corollary |4l Put U = TZNTF C\ SVHF^{M). Since X G U is 
robustly transitive, X has no singularity (see [SD]). We note that U fl Q^{M) = 0 
where G^{M) is the class of star-flows (i.e. flows such that all critical elements are 
hyperbolic C^-robustly). Indeed, to reach a contradiction we assume that there 
exists X G U n Q^{M). In [TB] Gan and Wen showed that if X G Q^{M) has no 
singularity, then the nonwandering set of X is hyperbolic, which means that X is 
Anosov. This contradicts the fact that X is not hyperbolic. 


20 


Let X ^U. Since X ^ Q^{M), X can be approximated by a flow Y gU having 
a non-hyperbolic periodic orbit. By the proof of Theorem 4.3 in [^, we can And 
Z gU arbitrarily close to Y and having two hyperbolic periodic orbits with different 
indices, which is a C^-open condition. Thus Corollary [3] implies that Z does not 
satisfy the weak specification property -robustly. 

5.3. Proof of Corollary [5l Following [50], given X G TZAfTX it follows that X 
has no singularity and the linear Poincare flow P* = ° DXt{x) : Afx —t 

admits a dominated splitting: for every x G M there exists a Z3P*-invariant 
and continuous decomposition of the normal space Mx = and constants 

C > 0 and 0 < A < 1 so that 

\\DP^\Ex\\ <CA* 

for every t > 0. 

We now proceed to prove that the one-dimensional subbunddle is hyperbolic. 
Assume for simplicity that dimiS = 1 and dimF" = 2. Note that a robustly 
transitive flow does not have repelling periodic orbits. We claim that there exists 
<5 > 0 such that |Ae(p)| < (1 — < 1 for every periodic point p of period T, 

where Xe{p) denotes the eigenvalues of DP'^{p) \ep (as otherwise one could use 
the Franks’ lemma for flows as in the proof of na Lemma 4.5] to create a repelling 
periodic orbit). The proof that E is uniformly contracting follows the same lines as 
the proof of the stability coniecture using the ergodic closing lemma given by Wen 
(c.f. Step 3 in ^ page 347]). 

We put E^ = (A(a;)) © Fx{C T^M) for x G M. Here (X(x)} denotes the 
one dimensional subspace generated by X(x). Then E'^ is a (iAAt)tgK-invariant 
subbundle. Since E is uniformly contracting, as in the proof of [421 Theorem 1.5], 
we can define a (IlA()tgR-invariant continuous one-dimentional subbundle i?® C 
(X) © E such that the splitting E^ © E‘^ is partially hyperbolic. 

By [181 Theorem A] every non-singular star-flow is Axiom A without cycles. 
Since X generates a non-hyperbolic robustly transitive flow without singularities 
then X ^ Q^{M) and, consequently, X can be C^-approximated by a flow Z gU 
with two hyperbolic periodic orbits with different indices m Theorem 4.3]), which 
is a C^-open condition. This finishes the proof of the corollary. 
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